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Exercises on Laplace Transformation

Find the Laplace Transform of each of the following functions:

leO
(a) f(t) = e 2 cos? 3t — 3t2e3; (b) f(t)=¢"- 7100 (et ¢100),
Compute the inverse Laplace Transform of
4s +5 1
F(s) = ; b) F(s) =
(8) Fls) (s —2)3(s+3)’ (b) F(s) s2(s2+3s—4)’
(c) Fls)= ;

(s —1)2(s2+2s+5)
Solve the following initial valued problems by Laplace Transform
(a) " + k?y = 2sinwt, with y(0) = ¢/'(0) = 0;

(b) "+ 4y’ + 5y = 100e~%*, with y(0) = —1 and 3'(0) = 0;



Solutions to Laplace Transform Exercise

1+ cos 6t

(1) (a) Since cos? 3t = — £{e 2 cos? 3t — 3t?e3}
1 5+ 2 6
= -2t (1 1 t) — 3tt2 — 1 i
S{e (2+2C086) 3e } 2(S+2)+2(s+2)2+36 -3
B 1 ! 5+ 2 6
S 2(5+2)  2s2+44s5+40  (s—3)3
100! dto0 100!
. —t 4100\ _ : —t 4100y | _ (100
(b) S{@ tt }_m’..’g{dtloo(e tt )}—S Xm
dk
because %(e_t t199) = 0 when ¢ = 0 whenever 0 < k < 99. Therefore,
qoo (s — 1)100
S{et . m(e ttloo)} = 100! x SIT
(2) (a) Decomposing F'(s) into partial fractions, we obtain
4s +5 B 7 B 7 N 7 N 13
(s—2)3(s+3) 125(s+3) 125(s—2) 25(s—2)° 5(s—2)°
7 7 7 13
Theref -1(p L L SR S I
erefore, £ {F(s)} 195¢ 195 + 25756 + 1015 e
1 1 3 1 1
b —1 — -1 o -
(b) £ {52(52+3s—4)} < {5(5—1) 16s 80 (s+4) 452}
1 3 1 1

:—t————

—4t —t.
5 16 807 4
(c) We decompose F(s) into partial fractions to obtain

s
(s —1)%2(s?+2s+5)
1 N 1 1 S 5) 1
16(s—1) 8(3_1)2 16s2+2s+5 16s2+2s+5

Since s* +2s+ 5 = (s + 1)? + 22, we conclude that

t tet —t in 2t 5)
— 6_ + i — G—(COS 2t — Sin ) — —e_t sin 2t.
16 8 16 2 32

SHF()}

(3) (a) We transform the differential equation to obtain

2w

2 2
(4 K)Y () = 57
2w

from which it follows that Y (s) = 1?21 k) There are two cases to consider:
s2 4+ w?)(s

1



2 i _
(i) Ifw=Fk, theny(t)=2£"? {( w } _ sinwt — wit coswt.

24 w2
sinwt sinkt
w k ’

w?

. 2w
(ii)) Hfw #k, then y(t) = R (

(b) We apply Laplace Transform to the equation to obtain

100
(82+4s—|—5)Y(3)+3+4:8+2.
S 4 100
H Y = — — . Using the fact that
ence ¥ (s) s2+4s+5 32—|—4s+5+(s+2)(32+48—|—5) Sg The fach tha
100 _ 100 100s 200 one obtains
(s+2)(s2+4s+5) s+2 s2+4s+5 s2+4s+5
S 4 100
t) = £~ —
y(t) { s2+4s+5 32+4s+5+(s—|—2)(52+4s+5)}

_ oo s B 4 N 100
B (s+2)2+1 (s+2)2+1 (s+2)[(s+2)2+1]
= —100e % —101e * (cost — 2sint) — 204e * sint.






